In this paper, we consider the effect of thermal fluctuations on the entropy of both neutral and charged black holes. We emphasize the distinction between fixed and fluctuating charge systems; using a canonical ensemble to describe the former and a grand canonical ensemble to study the latter. Our novel approach is based on the philosophy that the black hole quantum spectrum is an essential component in any such calculation. For definiteness, we employ a uniformly spaced area spectrum, which has been advocated by Bekenstein and others in the literature. The generic results are applied to some specific models; in particular, various limiting cases of an (arbitrarydimensional) AdS-Reissner-Nordstrom black hole. We find that the leadingorder quantum correction to the entropy can consistently be expressed as the logarithm of the classical quantity. For a small AdS curvature parameter and net zero charge, it is shown that, independent of the dimension, the logarithmic prefactor is +1/2 when the charge is fixed but +1 when the charge is fluctuating. We also demonstrate that, in the grand canonical framework, the fluctuations in the charge are large, ∆Q ∼ ∆A ∼ S 1/2 BH , even when Q = 0. A further implication of this framework is that an asymptotically flat, nonextremal black hole can never achieve a state of thermal equilibrium.
I. INTRODUCTION
A popular notion in modern research is that some fundamental theory, commonly referred to as quantum gravity, will be necessary to describe physics at energy scales in excess of the Planck mass. Unfortunately, any progress in quantum gravity is severely constrained by a simple fact: the relevant scales can not be probed experimentally (at least not directly). It, therefore, becomes important to search for criteria that can be used to test the viability of a prospective fundamental theory [1] .
calculation. That this detail has been neglected, in some of the recent literature, is a central motivation for the current work.
To help illustrate our point, we will briefly review a calculation of the thermal correction, as presented in a recent canonical treatment by Chatterjee and Majumdar [39] . 3 These authors essentially start with a standard canonical partition function,
where β −1 is the fixed temperature, E is the energy and g(E) is the density of states. They also make the usual identification,
where S(E) is the microcanonical entropy. Expanding S(E) about the equilibrium value of energy (E 0 ) and imposing β = ∂ E S(E 0 ) (via the first law of thermodynamics), the authors obtain a Gaussian integral. This yields
Using textbook statistical mechanics, they find the following expression for the canonical entropy:
It is then possible to identify S(E 0 ) as the black hole entropy S BH (up to the previously discussed microcanonical correction, which is inconsequential to the current discussion) and the logarithmic term as the leading-order correction due to thermal fluctuations. It is straightforward and useful to apply this formalism to an explicit example; for instance, the BTZ black hole [42] . 4 In this case [39] ,
Let us now address the issue at hand. The canonical partition function (2) should really be viewed as the continuum limit of a discrete sum. We can, quite generically, express the partition function as
where i is whatever quantum numbers label the energy levels of the black hole and g i is the degeneracy of a given level. However, it should be clear that Eq.(2) can only follow from Eq.(7) if the energy levels are evenly spaced (and, if anything, one would expect an evenly spaced area spectrum -see below). More generally, the continuum limit of Eq.(7) would lead to
and, consequently, a canonical entropy of
It is now evident that this extra factor of [∂ i E] −1 -or the "Jacobian" -enters the canonical entropy at precisely the logarithmic order.
To emphasize our point, let us reconsider the BTZ black hole and, for the sake of argument, assume an evenly spaced area spectrum (that is, i → A). A simple calculation reveals that ∂ A E ∼ A ∼ S BH , and so Eq.(6) should be modified as follows:
Of course, Eq.(6) could still be the valid result, depending on the true nature of black hole spectroscopy. Our main point is that such spectral considerations must be dealt with and can not be disregarded a priori. The primary focus of the current paper is to calculate the thermally induced corrections to the (classical) black hole entropy. As discussed above, such calculations may ultimately have relevance as a means of discriminating candidates for the fundamental theory. (In this regard, the microcanonical corrections may be of even greater interest; however, except for a few comments, this part of the calculation will not be addressed here.) Unlike prior works along this line, we will directly be incorporating the effects of black hole spectroscopy. For definiteness, a uniformly spaced area spectrum will be employed throughout. Although somewhat conjectural, this form of spectrum has been strongly advocated in the literature; beginning with the heuristic arguments of Bekenstein [43] [44] [45] . More recently (and more rigorously), this spectrum has received support from Bekenstein's algebraic approach to black hole quantization [46, 47, 35] , the reduced phase space approach initiated by Barvinsky and Kunstatter [48] [49] [50] [51] [52] [53] , and the WKB treatment of Makela and others [54] . 5 Furthermore, we suggest that the elegance of our results may be viewed as further, independent support for the evenly spaced area spectrum.
A further novelty of the current analysis is that an important distinction will be made between black holes with a fixed (electrostatic) charge and those with a fluctuating charge. The latter case of a dynamical charge necessitates that the system be modeled as a grand canonical ensemble. Although this scenario poses many new technical challenges, it provides a much sterner test for the viability of the proposed spectrum and (as elaborated on in the final section) is a necessary step towards a realistic treatment of the problem.
The remainder of the paper is organized as follows. In the next section, we develop the general canonical formalism as appropriate for black holes with a fixed charge. In Section III, we apply these generic results to some definite models; in particular, various limiting cases of an arbitrary-dimensional, anti-de Sitter (AdS), stationary black hole. In Section IV, we regard the charge as a fluctuating quantity and accordingly readdress the problem in a grand canonical framework. Special models are again used to illustrate the (revised) formalism in Section V. Finally, Section VI contains a summary and some further discussion.
II. CANONICAL ENSEMBLE: GENERAL
Our premise will be a black hole in a "box"; that is, a black hole which is (up to fluctuations) in a state of thermal equilibrium with its surroundings. The system can, therefore, be modeled as a canonical ensemble of particles and fields. An appropriate form of canonical partition function can be written as
where β −1 is the (fixed) temperature of the heat bath and n is a quantum number (or numbers) that parameterizes the black hole spacetime. Also, E(n) and g n represent the energy and degeneracy of the n-th level.
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As advertised in the introductory section, we will adopt the well-motivated choice of an evenly spaced area spectrum: A(n) ∼ n (n = 0, 1, 2, ...). Equivalently, by virtue of the black hole area law [2, 3] , S(n) ∼ n. Common-sense arguments dictate that g n ∝ e S(n) , and so we can write
where ǫ is a positive, dimensionless parameter of the order unity. The partition function can now be expressed as
where we have also taken the continuum limit. Such a limit is appropriate for a semi-classical (i.e., large black hole) regime, which will always be our interest. Ultimately, we also require an explicit expression for the energy as a function of the spectral number. This can be achieved, for any given black hole model, by way of the first law of black hole mechanics. For the moment, let us keep matters as general as possible and simply expand the energy function about n 0 ≡< n > (where < ... > denotes the ensemble average):
with a prime indicating a derivative with respect to n (here and throughout). Substituting the above expansion into the exponent of Eq.(13) and employing a trivial change of integration variables, we obtain
where
In the semi-classical or large n 0 regime, the lower limit can be asymptotically extended (−n 0 → −∞), as any omitted terms (in the entropy) will be of the order O[n −1 0 ]. With this approximation and another shift in the integration variable, we have a Gaussian form,
which can be readily evaluated to yield
That is,
We can now apply a textbook thermodynamic relation,
to evaluate the canonical entropy:
By exploiting the first law of thermodynamics, we will be able to simplify the above outcome. First of all, in view of Eq.(13), F (n) = βE(n) − ǫn can be identified as the microcanonical free energy. It follows that F ′ (n 0 ) = 0, which translates into
Here, we have identified ǫn 0 as the equilibrium value of the black hole entropy, S BH . (More generally, S(n) = ǫn.) The remaining term represents the anticipated logarithmic correction. A couple of comments are in order. Firstly, it should be clear that the general procedure can only make sense if the argument of the logarithm is strictly positive. Since β > 0 is universal (assuming cosmic censorship [55] ), this means that E ′′ 0 > 0 is a necessary (but not necessarily sufficient) constraint for attaining a state of thermal equilibrium. 7 This stability condition (and its grand canonical analogue) will play a significant role in the subsequent analysis. Secondly, in the full quantum treatment, it would be necessary to replace S BH with the microcanonical entropy, which already contains a quantum correction of the logarithmic order (see the prior section). That is, one would anticipate a canonical entropy of the form S C = S BH + ∆ M C + ∆ C , where ∆ M C represents the implied microcanonical correction and ∆ C represents the explicit (thermal) correction in Eq. (22) . As the current paper focuses on the consequences of thermal fluctuations, we will continue to disregard ∆ M C until some comments in the final section.
Our formal expression for ln Z C can also be used to quantify the thermal fluctuations in the eigenvalue n or, equivalently, the variation in the black hole area. First of all, let us confirm that n 0 is truly the thermal expectation value of n. This can be accomplished by standard techniques:
Substituting Eq. (18) and employing the equilibrium condition (21), we do indeed obtain the anticipated result of < n >= n 0 . Next, let us evaluate < n 2 > by way of the following relation:
Defining the variation (∆n) in the usual way, we have
Some straightforward calculation then yields
We can make sense of the last equation by noting that, typically (for large n), one can write E ∼ n γ , where γ is a model-dependent parameter. It follows that, for a large class of black holes, 7 A simple calculation verifies that E ′′ 0 > 0 is equivalent to a positive specific heat.
as would be expected on intuitive grounds. Finally, let us note that, by way of the area spectrum and Eq. (26), the canonical entropy (22) can elegantly be expressed in terms of ∆S BH (i.e., the fluctuations in the entropy or area):
III. CANONICAL ENSEMBLE: EXAMPLES
It is an instructive exercise to illustrate our generic formalism with some specific black hole models. We will, in turn, consider the BTZ black hole, AdS-Schwarzschild black holes and AdS-Reissner-Nordstrom black holes. The latter two cases will be carried out for a spacetime of arbitrary dimensionality (more precisely, d ≥ 4). For all models under consideration, the AdS curvature parameter, L, can be viewed as a measure of the effective box size. Hence, the limit L → ∞ can equivalently be regarded as either the limit of an asymptotically flat spacetime or an infinitely sized box.
A. BTZ Black Hole
The BTZ black hole [42] is a special solution of three-dimensional AdS space that exhibits all of the usual properties of a black hole spacetime. Besides being a useful "toy" model, the BTZ black hole has sparked recent interest in the context of the AdS-CFT (conformal field theory) correspondence [56] .
By expressing the BTZ solution in a Schwarzschild-like gauge, one can readily obtain the following relation between the horizon radius, R, and the conserved energy, E [42] :
where G 3 is the three-dimensional Newton constant and L is the AdS 3 curvature parameter. Hence,
Let us next consider the three-dimensional analogue to the black hole area law,
By calling upon the spectral form of the entropy, S(n) = ǫn, we can then express the energy as an explicit function of n:
It follows that
BH . Substituting into Eq. (22), we find that
The logarithmic prefactor of +1/2 disagrees with the value of +3/2 found by (for instance) Chatterjee and Majumdar [39] . Nevertheless, this discrepancy can be perfectly accounted for by incorporating the appropriate "Jacobian" (see the introductory section) into their calculation.
B. AdS-Schwarzschild
We begin here with the defining relation for the horizon radius of a d-dimensional AdSSchwarzschild black hole [57] ,
or, solving for the energy,
In the above, L now represents the AdS d curvature parameter, G d is the d-dimensional Newton constant, and V d−2 denotes the volume of a (d − 2)-dimensional spherical hypersurface (of unit radius). As before, let us consider the black hole area law,
and compare this to the entropic spectral form, S(n) = ǫn. It directly follows that
where we have defined a convenient length parameter,
Substituting Eq. (38) into Eq. (35), we obtain an explicit spectral form for the energy:
The presence of two terms in the energy spectrum makes a general calculation awkward; inasmuch as the thermal correction to the entropy should, ideally, be expressed as some prefactor times the logarithm of S BH . However, in certain limiting cases, such an expression can readily be attained, and we will proceed to focus on a pair of these special limits.
(i) L << R: For this limit of small box size, we can neglect the second term in Eq. (40) and promptly obtain E 0 ∼ n
, and
and Eq. (22) reduces to
The logarithmic prefactor of +1/2 is again in disagreement with the value of +1 found in [39] for a four-dimensional AdS-Schwarzschild black hole (in the same limit). Moreover, the calculation in [39] leads to a prefactor of +d/2(d − 2) when d is arbitrary. However, just as for the BTZ model, one can precisely compensate for this discrepancy with the Jacobian prescription of Section I. Also of interest, only for our formalism does the logarithmic correction turn out to be independent of d (in the limit of small box size); including the d = 3 BTZ model.
(ii) L ∼ R: In this particular regime, an immediate issue is the priorly discussed stability condition; namely, E ′′ 0 > 0. From Eq. (40), we find the following form for the relevant quantity:
Evidently, stability directly implies a maximal value for L:
Not coincidentally, L = L max can be identified as the d-dimensional analogue of the HawkingPage phase-transition point [58] . It is interesting to determine the entropic correction as L max is approached by L from below. In this regard, it is, actually, more appropriate to keep L as the fixed parameter and let n 0 approach its minimal value from above. That is, we can first translate Eq.(43) into
and then, in the spirit of a perturbative expansion, write
where δ n is a small (i.e., δ n << n min ∼ n 0 ) but strictly positive integer. Some straightforward calculation then yields (to lowest order in δ n ):
This means that βE
BH and Eq.(22) takes on the form
Although this is a different result than found in the prior (small box) limit, it is noteworthy that the prefactor still does not depend on the dimensionality of the spacetime. In fact, this "blissful" ignorance of d turns out to be a resilient feature of both the canonical and grand canonical frameworks (at least for the special cases considered in this paper). A further comment regarding stability, near the phase-transition point, is in order. The logarithmic prefactor of +1 is rather large and implies that the thermal fluctuations are similarly large. (This can be directly verified via Eq. (26): ∆n ∼ n 0 .) Hence, when δ n ∼ O(1), there will be no means of suppressing a phase transition and the system is, actually, only in a meta-stable state. To achieve "true" stability, it is necessary to move sufficiently far from the phase-transition point so that the ratio ∆n/n 0 is substantially smaller than unity. Without claiming to be rigorous, let us suppose that the system is stable as long as ∆n ∼ n 1/2 0 . In this case, it is not difficult to show that the effective transition point occurs close to δ n ∼ n 0 , which is, essentially, a regime of small box size.
C. AdS-Reissner-Nordstrom
The prior canonical formalism can also be applied to the case of a charged black hole, with the understanding that the black hole has been immersed in a neutral heat bath. That is to say, the black hole charge can legitimately be regarded as a fixed parameter if (and only if) there is no possibility for the emission or absorption of charged particles (e.g., if the temperature is smaller than the bare mass of an electron). The more interesting case of a black hole with a fluctuating charge will be the subject of the following two sections.
When the charge, Q, is non-vanishing, the previous AdS horizon relation (34) takes on a more general form [57] ,
Solving for the energy, we now have
Since the relation between the entropy and R is the same as before, we can directly apply Eq. (38) to obtain the desired spectral form,
As in the prior subsection, we will concentrate on certain limiting cases for which the analysis somewhat simplifies.
(i) R >> L and Q ∼ 0: This limit is essentially case (i) of the prior subsection and the calculations need not be repeated.
(ii) R >> L and Q ∼ Q ext : Here, we have used Q ext to denote the charge of an extremal black hole. It is of significance that the extremal limit coincides with the limit of vanishing temperature (i.e., β −1 = 0). Hence, with the natural assumption of cosmic censorship, |Q ext | must also represent an upper bound on the magnitude of the charge.
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When delving into any regime of substantial charge, we must necessarily consider the following pair of stability constraints:
Hence, let us be more precise with regard to the quantities in question (keeping in mind that the R >> L limit is in effect):
Since E ′′ 0 is manifestly positive, we can focus our attention on just the condition E ′ 0 > 0. This inequality implies a maximal value of |Q|; namely, the extremal value of the charge. More specifically, the following constraint must be imposed:
Following the methodology of the prior subsection (cf, case (ii)), let us rather view Eq.(54) as a lower bound on n 0 and then adopt the perturbative form
where n min is, now, the lower bound on n 0 as dictated by Eq.(54) and δ n is, again, a small but strictly positive integer.
Substituting this relation into Eqs. (52, 53) , we obtain (to lowest order in
, and so βE ′′ 0 ∼ constant. Since constant terms in any entropy expression can be safely discarded, the canonical entropy (22) can now be written as
That is, the logarithmic correction has been completely suppressed for a near-extremal black hole (in a small box). In order to understand this phenomenon, let us also consider 8 It remains a point of controversy, in the literature, as to how an extremal black hole should be interpreted thermodynamically (see [24] for discussion and references). Since our analysis formally breaks down at β −1 = 0, we will be unable to address this particular issue.
the fluctuations in the area for this near-extremal regime. According to Eq.(26), ∆A ∼ E ′ 0 /E ′′ 0 ∼ constant, so that the area fluctuations are similarly suppressed. Which is to say, the same basic mechanism (that suppresses the logarithmic correction) provides a natural means for the enforcement of cosmic censorship.
(iii) R << L and any viable Q: With an eye toward the stability constraints of Eq.(51), let us re-evaluate the pertinent derivatives for the R << L limit:
Neither of the above quantities is manifestly positive, leading to both an upper and a lower bound on the magnitude of the charge. Quantitatively, these are given by
Apparently, there is only a small range of charge values for which the black hole (in a large box) can be stable. This is, however, not much of a surprise, given that a neutral black hole has no chance for stability when L >> R. Similarly to some previous cases, we can perturbatively expand n 0 about its minimal (maximal) value and, thereby, determine the logarithmic correction as the near-extremal (near-minimal) value of charge is effectively approached. Here, we will simply quote the final results:
for the cases of near-extremal and near-minimal charge respectively. Once again, we see that the logarithmic correction has been completely suppressed for a near-extremal black hole. As previously discussed, this effect can be viewed as a natural means of enforcing cosmic censorship. On the other hand, the logarithmic correction (and, therefore, the magnitude of the fluctuations) is rather large when the charge is close to its near-minimal value. Since the allowed range of |Q| is actually quite small, these large fluctuations have severe implications for the stability of the system (see the discussion at the very end of the prior subsection). It would seem that, for a black hole in a large box, any state of thermal equilibrium would be, at best, a precarious situation of meta-stability. This point of view will be put on firmer ground when we revisit the large-box scenario in Section V.
IV. GRAND CANONICAL ENSEMBLE: GENERAL
In this section, we will rederive the canonical formalism of Section II under the premise of a black hole with a fluctuating charge. That is, it will now be assumed that the thermal bath contains charged particles which can freely interact with the black hole. Although the charge (Q) can no longer be regarded as a fixed quantity, the net charge of the black hole -that is, the ensemble average of Q -can still be zero. Indeed, it is this case of a net vanishing (but still fluctuating) charge that is the most interesting from a physically motivated perspective.
Given that there are now two fluctuating, independent spectral parameters, it is most appropriate (if not essential) to model the system as a grand canonical ensemble. In a conventional textbook sense, one can view the charge as a particle number, with some suitable chemical (or, actually, electric) potential, µ, relating the charge with the other thermodynamic parameters.
With the above discussion in mind, we propose that the partition function (11) should now be revised in the following manner:
Most importantly, we have introduced a "new" quantum number, m, which directly measures the black hole charge in accordance with
where e is some fundamental unit of electrostatic charge. For future convenience, let us also define λ ≡ βµe .
To proceed, it is first necessary to specify some form for the degeneracy, g n,m . We will continue, for definiteness, to assume an uniformly spaced area spectrum. (For motivation in the case of charged black holes, see [49] [50] [51] 53, 54] .) The black hole area law can then be utilized to fix this degeneracy up to a proportionality constant.
Given that the area spectrum is evenly spaced, it can consequently be deduced that A(n, m) ∼ n + αm p (n,|m| = 0, 1, 2, ...), where p is a rational (positive) number and α is a positive constant. (That this spectral form is the correct generalization of A ∼ n can intuitively be seen from an inspection of Eqs. (54, 59) ; also see [49] [50] [51] [52] [53] . These equations demonstrate that
for R ≪ L. Therefore, since the quantum numbers, n and m, are supposed to be independent, one must necessarily let n → 0 in the extremal limit and then fix the m dependence -that is, fix the power p -accordingly. For instance, Eqs. (54, 59) immediately imply that p = 1 when R ≫ L and
when R ≪ L.) Employing the usual statistical interpretation of entropy, g n,m ∝ e S(n,m) , as well as the area law, we then have
where ǫ is, as before, a dimensionless (positive) parameter of the order unity.
Putting everything together and taking the continuum limit, we can re-express the grand canonical partition function (63) as follows:
where a ≡ ǫ and b ≡ αǫ. For calculational convenience, let us introduce the following spectral function:
which can also be expressed as an expansion about the ensemble averages (n 0 ≡< n > and m 0 ≡< m >):
Here (and for the duration), a prime/dot indicates a derivative with respect to n/m, whereas a subscript of 0 represents a quantity evaluated at n = n 0 and m = m 0 (i.e., at thermal equilibrium).
Rewriting the exponent of Eq.(67) in terms of G and shifting the integration variables (x = n − n 0 , y = m − m 0 ), we have
Let us first consider the integration with respect to x. Applying another coordinate shift and taking the semi-classical limit, we obtain a Gaussian form,
which can be readily integrated to give
The surviving integrand can also be rearranged (after a coordinate shift) to reveal another Gaussian,
and so we finally obtain
The grand canonical entropy, S G , can be evaluated with the obvious analogue of Eq. (19):
where we have applied the explicit forms of G (68) and Z G (76). In realizing this expression, we have also incorporated the following equilibrium conditions:
(and, therefore, Φ = 0). One can deduce these constraints by first identifying the microcanonical free energy (cf, Eqs.(67,68)), F (n, m) = G(n, m) − λm, and then setting F ′ 0 =Ḟ 0 = 0. For the purpose of simplifying the above result for S G , it is useful to consider the ensemble average of the energy,
(where we have applied the equilibrium conditions (78,79), but only after differentiating with respect to β), as well as
It can then be shown that Eq.(77) reduces to
where we have identified
The logarithmic term in (82) can now be recognized as the leading-order thermal correction to the black hole entropy. A more explicit form for the grand canonical entropy (82) is the following:
Along with Eq.(68) for G(n, m), we have also applied
with these relations following directly from Eqs.(78,79). As in the prior canonical treatment, there are issues of stability that need to be addressed. For the current analysis, the procedure suffers a formal breakdown (i.e., thermal equilibrium can not be realized) when one or both of the following conditions is violated:
The first constraint is necessitated by the positivity of the logarithmic argument, whereas the second follows from the positivity of the temperature (cf, Eq. (85)). Before proceeding to the next section, we will consider the thermal fluctuations in the spectral numbers, n and m. As a consistency check, let us first calculate the thermal expectation values of these quantum numbers. For this purpose, we can call upon the following relations:
Let us, for the time being, concentrate on the quantum number n. Substituting Eq.(76) for Z G , we find
To obtain this result, it should be kept in mind that only G 0 and
. It is now a simple matter to confirm that < n >=< n 0 > by virtue of the equilibrium conditions (78,79).
In direct analogy to Eq.(25), it is clear that
and this calculation yields
or, equivalently,
The same general procedure reveals that < m >= m 0 and
V. GRAND CANONICAL: EXAMPLES
In this section, we will give an explicit demonstration of the grand canonical formalism by revisiting the AdS-Reissner-Nordstrom black hole of Section III(C). Let us re-emphasize, that the prior (fixed charge) approach is valid for a black hole immersed in a neutral heat bath; otherwise, under more general circumstances, the current (fluctuating charge) methodology is the appropriate one.
Let us begin by comparing the spectral form of the entropy (cf, Eq.(66)), S(n, m) = ǫ (n + αm 2 ), with the black hole area law, Eq.(37). 9 In this way, we can express the horizon radius as
Substituting the above result (and Q = me) into Eq. (49) for E(R, Q), we obtain the updated spectral form of the energy,
where A ≡ (n + αm p ) is the dimensionless area. In order to simplify the upcoming analysis, we will also make use of the following notation:
9 As always, we are disregarding possible corrections that might appear in a complete theory of quantum gravity. To reiterate, our current interest is in calculating only those deviations (from the Bekenstein-Hawking entropy) that arise due to thermal fluctuations.
or, in terms of f (A) and g(A),
We are now well positioned for some explicit calculations. As in Section III, the focus will be on certain limiting cases for which the analysis is most tractable.
(i) R >> L and Q ∼ 0: First note that, in the small L limit, we must choose p = 1 if the quantum numbers, n and m, are to be independent (see the discussion leading up to Eq.(66)). However, as shown below, it is, for the purpose of deducing the logarithmic correction, actually not necessary that p be explicitly fixed.
In this case of small (effective) box size, the middle term in Eq.(97) can be disregarded. Furthermore, we will eventually take m 0 → 0, but only at the end of each calculation. (Even if m 0 = 0, the quantum number m is free to fluctuate.) Some useful expressions include
First, let us calculate the logarithmic correction to the entropy; cf, Eq.(84). In the limit of vanishing m 0 , we obtain
Hence, the grand canonical entropy (84) can be written as
That the logarithmic prefactor is now equal to +1 is quite an intriguing outcome. Recall that, for a black hole with a fixed charge (in the exact same limit), we found a value of +1/2 (cf, Eq. (41)). This implies that each quantum number (i.e., each freely fluctuating parameter) induces a thermal correction to the entropy of precisely 1 2 ln S BH . It would have been difficult to advocate such an outcome beforehand, inasmuch as n and m make (in general) inequivalent contributions to the area spectrum. It is also worth noting that Major and Setter [25] found the same prefactor of +1 in their variant of the grand canonical ensemble. This agreement (in related but distinct methods) further suggests that the value of +1/2 per quantum number is a resilient result.
Next, let us calculate the quantum fluctuations in the spectral numbers, n and m. Substituting the relevant formalism into Eqs.(94,95), we ultimately find that, for the limiting case of current interest,
Given the presumed choice of p = 1, it follows that ∆S BH ∼ ∆n+∆m ∼ S 1 2
BH , in compliance with the intuitive expectations.
(ii) R >> L and Q ∼ Q ext : Let us begin here by recalling that the choice of p = 1 is still the appropriate one. Hence, the relation between the extremal values of A and m is simply A ext = αm ext . Given this observation, we can now use perturbative techniques (following the general procedure outlined in Section III) to calculate the logarithmic correction for a near-extremal black hole. Utilizing the relevant formalism (100-102) and appropriately expanding m 0 (and A 0 ∼ αm 0 ) just below m ext , we find that, near extremality,
where δ m is a small but strictly positive integer that approaches zero in the extremal limit. Now substituting Eq.(106) and Eq.(107) into Eq.(82), we obtain just as before (in the analogous case with a fixed charge),
It can also be shown that, near extremality, both the area and charge fluctuations are completely suppressed; that is, ∆n ∼ ∆m ∼ constant. To put it another way, the fluctuations "freeze" as extremality is approached and cosmic censorship can not be violated by a fluctuating geometry.
(iii) R << L and any viable Q: As it turns out, there is no viable Q in this limit of large (effective) box size; that is, in the limit of an asymptotically flat spacetime. To demonstrate this oddity, let us first recall the two stability conditions for a grand canonical ensemble (87,88). Hence, it is appropriate to consider the following quantities (in the L >> R limit):
Imposing positivity on the above expressions, we can directly extract the following pair of stability constraints:
Obviously, it is impossible to simultaneously satisfy both of these conditions; meaning that stability can never be achieved (in the fluctuating-charge scenario) when L >> R. One caveat might be a perfectly extremal black hole, since such an entity does not exchange heat with its surroundings nor does it experience thermal fluctuations. It is, however, interesting to note that these same properties will prohibit an extremal black hole from continuously evolving into a non-extremal black hole. Since the converse process must, therefore, also be forbidden, we have an example of the third law of black hole mechanics at work.
VI. CONCLUDING DISCUSSION
In summary, we have been investigating the effect of thermal fluctuations on the entropy of a black hole. The study focused on the picture of a black hole in a "box"; with the system modeled both as a canonical ensemble and a grand canonical ensemble, depending on whether the black hole charge is fixed or allowed to fluctuate (respectively). We were guided, in large part, by the philosophy that the quantum spectrum is an important ingredient in any analysis that endeavors to consider the corrections to the entropic area law. For definiteness, we chose to work, throughout, with an uniformly spaced area spectrum, as this spectral form has considerable support in the literature. It would be interesting, however, to see the repercussions on our results as the spectrum deviates gradually from this (perhaps) idealized form.
Throughout the paper, the generic formalism was punctuated with a number of specific models. Hence, we accumulated a wide array of interesting results; both quantitative and qualitative. Let us now summarize, in point-form, some of the more prominent outcomes.
(i) The leading-order correction to the canonical or grand canonical entropy can typically be expressed as the logarithm of the classical entropy. For many interesting cases, the logarithmic prefactor is a simple integer or half-integer that does not depend on the dimensionality of the spacetime.
(ii) For an AdS-Schwarzschild black hole with R >> L, the logarithmic prefactor was found to be +1/2, irrespective of the dimensionality. (This includes the BTZ black hole, for any value of L.) This value is notably in conflict with some of the pre-existing literature (e.g., [39] ). (iii) For an AdS-Reissner-Nordstrom black hole, the calculations depend strongly on whether the charge is regarded as a fixed or fluctuating quantity. For instance, if R >> L and the charge is small, the prefactor increases from +1/2 to +1 when the fluctuations are "turned on". This larger value does happen to agree, precisely, with an earlier treatment on the grand canonical ensemble [25] .
(iv) We have demonstrated that, for a black hole which is far from extremality (and R >> L), the quantum numbers labeling the area spectrum fluctuate (from their equilibrium values) according to ∆n, ∆m ∼ S 1 2 BH . It can therefore be inferred that ∆A ∼ ∆Q ∼ A (v) When L >> R (i.e., the asymptotically flat-space limit), the enforcement of stability severely restricts the solution space. For instance, if the charge is a fixed quantity, stability seems unlikely and could only be possible for black holes that are very close to extremality. Meanwhile, when the charge fluctuates, stability can not possibly be achieved for any non-extremal black hole.
As stressed in the early parts of the paper, we have been neglecting the quantum corrections to the entropy that arise at the microcanonical level. Insofar as any current theory of quantum gravity is, at best, a work in project, there are conceptual limitations in attempts at quantifying this microcanonical correction. Nonetheless, certain calculations -especially, in the context of loop quantum gravity [7] -suggest a microcanonical correction of − 3 2 ln S BH . If this value turns out be correct, then it would be perfectly valid to simply subtract off 3/2 from the prefactor of the thermally induced correction. (Higher-order corrections would, however, be a substantially more complicated ordeal.)
A more serious omission in our formalism was neglecting the fluctuations in spin. Unlike the case of charge, in which the black hole can (in principle) be placed in a neutral heat bath, it is difficult to envision how the spin fluctuations might possibly be suppressed. (It is not relevant as to whether the black hole is, itself, rotating or stationary. The spin fluctuations should still, at least naively, be of the order S 1/2 BH . Indeed, some preliminary results [59] have substantiated that this estimate is correct.) Hence, any eventual discussion of physically realistic black holes will have to find a way of incorporating these effects. Unfortunately, the vector nature of any angular-momentum operator makes it highly non-trivial to extend our formalism in this direction. Nonetheless, we can still make some rough estimates by assuming that (i) the various spin components fluctuate independently and (ii) each such component contributes a quantum correction of 1 2 ln S BH to the grand canonical entropy (see the discussion following Eq.(104)). Let us consider a (for instance) four-dimensional black hole; this would imply a maximal thermal correction of 5 × 1 2 ln S BH . Also subtracting off the (estimated) microcanonical correction, we then have the following upper bound:
where the subscript EI stands for "everything included". It is an intriguingly simple result, which we hope to readdress (much more rigorously) at a future time.
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